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EQUIANGULAR LINE SYSTEMS AND
SWITCHING CLASSES CONTAINING REGULAR GRAPHS
GARY R. W. GREAVES
Abstract. We develop the theory of equiangular lines in Euclidean spaces.
Our focus is on the question of when a Seidel matrix having precisely three
distinct eigenvalues has a regular graph in its switching class. We make some
progress towards an answer to this question by finding some necessary condi-
tions and some sufficient conditions. Furthermore, we show that the cardinality
of an equiangular line system in 18 dimensional Euclidean space is at most 60.
1. Introduction and preliminaries
Let d be a positive integer and let L = {l1, . . . , ln} be a system of lines in
R
d, where each li is spanned by a unit vector vi. The line system L is called
equiangular if there exists a constant α > 0 such that the inner product 〈vi,vj〉 =
±α for all i 6= j. (The constant α is called the common angle.) Let N(d) denote the
maximum cardinality of a system of equiangular lines in dimension d. Determining
values of the sequence {N(d)}d∈N is a classical problem that has received much
attention [11, 16, 12] and recently [3, 5, 8, 9, 13] there have been some improvements
to the upper bounds for N(d) for various values of d. One contribution of this article
is to improve the upper bound for N(18) showing that N(18) 6 60. Furthermore,
we show that certain Seidel matrices corresponding to systems of 60 equiangular
lines in R18 each must contain in their switching classes a regular graph having four
distinct eigenvalues (see Remark 5.12 below).
In Table 1 below, we give the currently known (including the improvement from
this paper) values or lower and upper bounds for N(d) for d at most 23.
d 2 3 4 5 6 7–13 14 15 16 17 18 19 20 21 22 23
N(d) 3 6 6 10 16 28 28–29 36 40–41 48–50 54–60 72–75 90–95 126 176 276
Table 1. Bounds for the sequence N(d) for 2 6 d 6 23.
For tables of bounds for equiangular line systems in larger dimensions we refer
the reader to Barg and Yu [3].
A Seidel matrix is a symmetric {0,±1}-matrix S with zero diagonal and all off-
diagonal entries nonzero. It is well-known [16] that Seidel matrices and equiangular
line systems (with positive common angle) are equivalent: for i 6= j, the inner
product 〈vi,vj〉 = a (with a ∈ {−α, α}) if and only if the (i, j)th entry of its
2010 Mathematics Subject Classification. Primary 05C50, secondary 05C22.
Key words and phrases. Equiangular lines, Seidel matrix, switching class, regular graph.
The author was supported by JSPS KAKENHI; grant number: 26·03903 and by MOE AcRF;
grant number: 2016-T1-002-067-01.
1
2 G. R. W. GREAVES
corresponding Seidel matrix is a/α. Moreover, if L is an equiangular line system of
n lines in Rd with common angle α > 0 then its corresponding Seidel matrix S has
smallest eigenvalue −1/α with multiplicity n−d. Conversely, given a Seidel matrix
S with smallest eigenvalue −1/α < 0 whose multiplicity is n− d, we can construct
an equiangular line system of n lines in Rd with common angle α.
Let On(Z) denote the orthogonal group generated by signed permutation matri-
ces of order n and let X and Y be two Z-matrices of order n. We say that X and
Y are switching equivalent (denoted X ∼= Y ) if X = P⊤Y P for some matrix
P ∈ On(Z). It is clear that two switching-equivalent matrices have the same spec-
trum. We will sometimes use the verb “to switch” to mean conjugation by diagonal
matrices from On(Z).
The symbols I, J , and O will (respectively) always denote the identity matrix,
the all-ones matrix, and the all-zeros matrix; the order of each matrix should be
clear from the context in which it is used, however, the order will sometimes be
indicated by a subscript. We use 1 to denote the all-ones (column) vector.
Let S be a Seidel matrix. Then A = (J − I −S)/2 is the adjacency matrix for a
graph Γ, which we call the underlying graph of S. The set of underlying graphs
of Seidel matrices that are switching equivalent to S is called the switching class
of S. Throughout this paper we use techniques from spectral graph theory and we
refer to [4] for the necessary background.
We will be concerned with the question of when a Seidel matrix has a regular
graph in its switching class. Using regular graphs to construct systems of equiangu-
lar lines is not new. Indeed, De Caen [7] used a family of previously studied regular
graphs to give a construction of an infinite family of large systems of equiangular
lines. Also it was shown by Taylor [15] that any principal submatrix of order n− 1
of an n× n Seidel matrix S having precisely two distinct eigenvalues must have a
strongly regular graph in its switching class.
In this paper we give some necessary and some sufficient conditions for when a
Seidel matrix with precisely three distinct eigenvalues has a regular graph in its
switching class. The above result of Taylor relating Seidel matrices with precisely
two distinct eigenvalues to strongly regular graphs is a special case of our results.
Indeed, a principal submatrix of order n−1 of an n×n Seidel matrix with precisely
two distinct eigenvalues has precisely three distinct eigenvalues [9, Lemma 5.12]. So
the above result of Taylor says that certain Seidel matrices having precisely three
distinct eigenvalues have a (strongly) regular graph in their switching classes. In
fact this result of Taylor is a special case of Corollary 5.4 below.
The paper is organised as follows. In Section 2 we present some basic results
about Seidel matrices. In Section 3 we motivate the question of whether Seidel
matrices with precisely three distinct eigenvalues have a regular graph in their
switching classes and we find some necessary conditions. We prove some lemmas
in Section 4 for use in Section 5 where we prove our sufficient conditions for when
a Seidel matrix with three eigenvalues has a regular graph in its switching class.
In Section 6 we extend the work in [9] of strengthening the relative bound and we
give some open problems in Section 7.
2. Basic properties of Seidel matrices
2.1. Eigenvalues of Seidel matrices. Let M be a real symmetric matrix with
r distinct eigenvalues θ1 < · · · < θr such that θi has multiplicity mi. We write
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the spectrum of M as {[θ1]m1 , . . . , [θr]mr}. Less accurately, we may write that a
real symmetric matrix has spectrum {{[θ1]m1 , . . . , [θr]mr}} implying that θi may
be equal to θj for some i and j. In this instance the multiplicity of an eigenvalue θ
of M is equal to the sum of the mi for which θi = θ.
Let S be a Seidel matrix of order n. Then S is a real symmetric matrix with
diagonal entries 0. Moreover, the diagonal entries of S2 are all equal to n − 1.
Putting the above facts about Seidel matrices together, we obtain the following
equations for the traces of S and S2:
trS = 0;(1)
trS2 = n(n− 1).(2)
2.2. Seidel matrices over finite rings. Let Mn denote the ring of integer ma-
trices of order n. Let S be a Seidel matrix. Since we can write S = J − I − 2A
where A is a graph adjacency matrix, the next lemma follows immediately.
Lemma 2.1. Let S be a Seidel matrix of order n. Then modulo 2Mn we have
Sk ≡
{
J − I, if k is odd;
nJ − I, if k is even.
Next we have the following lemma about matrices congruent to J − I modulo
2Mn.1 We denote the characteristic polynomial of a matrix M by χM (x) :=
det(xI −M).
Lemma 2.2. Let M be an n × n matrix congruent to J − I modulo 2Mn. Then
modulo 2Z[x] we have
χS(x) ≡
{
(x + 1)n if n is even,
x(x + 1)n−1 if n is odd.
It follows from this lemma that, if its order is even then, a Seidel matrix cannot
have any even integer eigenvalues. Furthermore, a Seidel matrix of odd order must
have a simple eigenvalue. Indeed, we record this consequence as a corollary.
Corollary 2.3. Let S be a Seidel matrix of odd order. Then S has an eigenvalue
of multiplicity 1.
Proof. Suppose the characteristic polynomial of S factorises as f1(x)
m1 . . . fr(x)
mr ,
where each fi(x) is an irreducible monic integer polynomial. Since Z[x]/2Z[x] is
a unique factorisation domain, one of the fi(x), (f1(x) say) must be congruent to
x(x+1)l modulo 2Z[x] for some l ∈ N. It is then easy to see that m1 must be equal
to 1. 
An Euler graph is a graph all of whose vertices have even degree. The next
lemma gives sufficient conditions for when a Seidel matrix has an Euler graph in
its switching class.
Lemma 2.4 (See [9, Theorem 5.2], [10, Theorem 1], and [12]). Let S be a Seidel
matrix of order n having precisely r distinct eigenvalues. Suppose that n is odd or
r = 3. Then S is switching equivalent to the matrix J − I − 2A where A is the
adjacency matrix of an Euler graph.
1This result, due to Willem Haemers, was pointed out to the author by Jack Koolen.
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We can strengthen Lemma 2.1 for Seidel matrices whose underlying graphs are
Euler graphs. For example, we have the following lemma.
Lemma 2.5. Let S be an n×n Seidel matrix whose underlying graph Γ is an Euler
graph. Then
S2 ≡ (n− 2)J + I mod 4Mn
Proof. Let A be the adjacency matrix of Γ. Since Γ is an Euler graph, we have
that 2AJ ≡ O mod 4Mn. Hence SJ = (J− I−2A)J ≡ (n−1)J mod 4Mn. The
lemma then follows in a straightforward manner. 
Given a Seidel matrix with precisely three distinct eigenvalues λ, µ, and ν, define
the matrix MS(λ, µ) as
MS(λ, µ) := σ(S − λI)(S − µI),
where σ := sgn ρ for ρ = (ν − λ)(ν − µ). Note that MS(λ, µ) is always positive
semidefinite and the diagonal entries of MS(λ, µ) are each equal to |n − 1 + λµ|.
Further observe that, sinceMS(λ, µ) is positive semidefinite, its off-diagonal entries
each must have absolute value at most |n− 1 + λµ|.
Lemma 2.6. Let S be a Seidel matrix of odd order n having precisely three distinct
eigenvalues. Then S has two distinct eigenvalues λ and µ satisfying
MS(λ, µ) ∼= |n− 1 + λµ|J.
Proof. By Corollary 2.3, the matrix S must have at least one eigenvalue ν (say)
having multiplicity 1. If λ and µ are the other two eigenvalues of S then MS(λ, µ)
is a symmetric, rank-1 matrix. Since the diagonal entries of MS(λ, µ) are equal to
|n − 1 + λµ|, we have that MS(λ, µ) is switching equivalent to |n − 1 + λµ|J , as
required. 
Lemma 2.7. Let S be a Seidel matrix of even order n having precisely three distinct
eigenvalues. Then S has two distinct eigenvalues λ and µ satisfying the congruence
(x− λ)(x − µ) ≡ (x+ 1)2 mod 2Z[x].
Furthermore, MS(λ, µ) ∼= M for some M ≡ |n− 1 + λµ|J mod 4Mn.
Proof. If all three eigenvalues are rational then the first congruence follows from
Lemma 2.2 for any two of the eigenvalues. Otherwise, assume that S has at least
one irrational eigenvalue. By [9, Corollary 5.5], the matrix S must have at least
one rational eigenvalue ν, say. Hence the other two eigenvalues, λ and µ, must be
quadratic algebraic integers. Since Z[x]/2Z[x] is a unique factorisation domain, it
follows from Lemma 2.2 that (x− λ)(x− µ) ≡ (x+ 1)2 mod 2Z[x]. Thus we have
shown the first congruence.
By Lemma 2.4, we can assume that the underlying graph of S is an Euler graph.
Then using the first congruence and Lemma 2.5 we have
MS(λ, µ) = ±(S2 − (λ+ µ)S + λµI)
≡ (n− 2)J − (λ+ µ)(J − I) + (λµ+ 1)I mod 4Mn
= (n− 2− λ− µ)J + (λ+ 1)(µ+ 1)I.
Hence, each off-diagonal entry of MS(λ, µ) is congruent to ±(n−2−λ−µ) modulo
4. Moreover we have MS(λ, µ) ≡ O mod 2Mn. On the other hand, each diagonal
entry of MS(λ, µ) is equal to |n−1+λµ|. It therefore suffices to show that (n−2−
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λ−µ) is congruent to |n−1+λµ| modulo 4 or, equivalently, that (n−2−λ−µ)/2 ≡
|n− 1 + λµ|/2 mod 2.
Suppose to the contrary that (n− 2−λ−µ)/2 and |n− 1+λµ|/2 have different
parities. Then, modulo 2Mn, the matrix MS(λ, µ)/2 is congruent to either J − I
or I. If MS(λ, µ)/2 is congruent to J − I modulo 2Mn then, by Lemma 2.2, the
characteristic polynomial of MS(λ, µ)/2 is congruent to (x + 1)
n modulo 2Z[x].
Similarly, if the matrix MS(λ, µ)/2 is congruent to I modulo 2Mn then its char-
acteristic polynomial is again congruent to (x + 1)n modulo 2Z[x]. Therefore, in
either case, the matrix MS(λ, µ)/2 cannot have any even eigenvalues, which is a
contradiction since MS(λ, µ)/2 does not have full rank. 
As a corollary to the proof of Lemma 2.7 we have the following result.
Corollary 2.8. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]c}
such that λµ ∈ Z. Then
MS(λ, µ) ∼=M for some M ≡ |n− 1 + λµ|J mod 4Mn.
3. Regular graphs in the switching class of a Seidel matrix with
three eigenvalues
A regular graph is a graph all of whose vertices have valency k for some k ∈ N.
In this section we give some necessary (spectral) conditions for Seidel matrices to
contain regular graphs in their switching classes. We are particularly interested in
the case when a Seidel matrix with precisely three distinct eigenvalues has a regular
graph in its switching class.
Seidel matrices having precisely three distinct eigenvalues were first systemat-
ically studied by Greaves et al. [9]. The authors collated various interesting -
because of their relation to large systems of equiangular lines - constructions of
Seidel matrices having three eigenvalues (see [9, Section 5.2]). We observe that
these constructions all give rise to Seidel matrices each of whose switching classes
contain a regular graph. Moreover, below we show that any Seidel matrix having
the spectrum of [9, Example 5.10] or [9, Example 5.19] must necessarily have a
regular graph in its switching class. It remains an open question as to whether
there exists a Seidel matrix cospectral with [9, Example 5.17] or [9, Example 5.18]
whose switching class does not contain a regular graph (see Section 7).
However, we know of at least one example of a Seidel matrix having precisely
three distinct eigenvalues whose switching class does not contain a regular graph.
Indeed, the 10× 10 Seidel matrix
S =


0 1 1 1 1 1 1 1 1 1
1 0 −1 1 1 −1 1 −1 1 −1
1 −1 0 1 1 −1 −1 1 −1 1
1 1 1 0 1 −1 −1 1 −1 −1
1 1 1 1 0 −1 1 1 1 −1
1 −1 −1 −1 −1 0 1 1 1 1
1 1 −1 −1 1 1 0 −1 1 −1
1 −1 1 1 1 1 −1 0 1 1
1 1 −1 −1 1 1 1 1 0 1
1 −1 1 −1 −1 1 −1 1 1 0


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has spectrum {[−3]4, [2 +√5]3, [2−√5]3} and its switching class does not contain
a regular graph. All Seidel matrices up to order 12 have been computed (see [9,
Section 4]). Using this computation we find that, except for the above Seidel matrix
S, every Seidel matrix of order at most 12 with precisely three distinct eigenvalues
has a regular graph in its switching class. We therefore ask the following question:
Question A. Does every Seidel matrix with precisely three distinct rational eigen-
values contain a regular graph in its switching class?
We can also ask if S is the only exceptional Seidel matrix amongst those having
three distinct eigenvalues:
Question B. Do there exist any Seidel matrices of order at least 14 with precisely
three distinct eigenvalues whose switching class does not contain a regular graph?
In Section 5.1, we will see that all Seidel matrices of odd order having precisely
three distinct eigenvalues contain a regular graph in their switching classes. Hence
in Question B we only ask about Seidel matrices of order at least 14.
Remark 3.1. Question B has already been answered by O¨sterg˚ard and Szo¨llo˝si [14,
Theorem 4.8], who exhibited examples of Seidel matrices of order 18 having precisely
three distinct eigenvalues and no regular graph in their switching classes. The
examples are of the form S ∼= ±(J3 ⊗ (S6 − I6) + I18) where S6 is a Seidel matrix
having spectrum {[−√5]3, [√5]}. O¨sterg˚ard and Szo¨llo˝si [14] further suggested the
matrices (J2k+1⊗ (S6− I6)+ I6(2k+1)) for k > 1 may be good candidates for Seidel
matrices that do not have a regular graph in their switching classes. Below, we
show that this is indeed the case (see Remark 3.6).
Questions A and B motivate the remainder of this section and the subsequent
two sections.
If a Seidel matrix S has a regular graph Γ in its switching class then there is a
simple correspondence between the eigenvalues of S and the eigenvalues of Γ. (Here
the eigenvalues of a graph are taken to be the eigenvalues of its adjacency matrix.)
Indeed, since the adjacency matrix of Γ and J − I commute, we have the following
lemma.
Lemma 3.2. Let Γ be a connected regular graph with valency k and spectrum
{[k]1, [λ1]m1 , . . . , [λr]mr}. Then its Seidel matrix has spectrum {{[n−1−2k]1, [−1−
2λ1]
m1 , . . . , [−1− 2λr]mr}}.
Next we give a condition on the diagonal entries of S3 where S is a Seidel matrix
having a regular graph in its switching graph.
Lemma 3.3. Let S = J − I − 2A where A is the adjacency matrix of an n-vertex
k-regular graph Γ. Then, for all v ∈ V (Γ), the number of closed 3-walks from v is
(n− 1)(n− 2)− 6k(n− 2k)− [S3]v,v
16
.
Moreover, k = (n− 1− θ)/2 for some θ ∈ specS.
Proof. Firstly, since Γ is regular, the matrices A and S commute. Hence k =
(n− 1− θ)/2 where θ is an eigenvalue of S.
Since S = J − I − 2A and AJ = JA = kJ , we have
S3 = (n2 − 3n+ 3)J − I − 6k(n− 2k)J + 12kJ − 6A− 12A2 − 8A3.
And, since the diagonal entries of A2 equal k, we have
[S3]v,v = (n− 1)(n− 2)− 6k(n− 2k)− 8[A3]v,v.
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The result follows because [A3]v,v equals 2 times the number of closed 3-walks from
v. 
Now let S be a Seidel matrix of order n having precisely three distinct eigenvalues
λ, µ, and ν. Then
S3 − (λ + µ+ ν)S2 + (λµ+ λν + µν)S − λµνI = (S − λI)(S − µI)(S − νI) = O.
By considering the diagonal entries we find that, for all i ∈ {1, . . . , n}, we have
[S3]i,i = (λ+ µ+ ν)(n− 1) + λµν. Hence the following corollary is immediate.
Corollary 3.4. Let S be a Seidel matrix of order n with precisely three distinct
eigenvalues λ, µ, and ν. Suppose that S has a k-regular graph Γ in its switching
class. Then, for all v ∈ V (Γ), the number of closed 3-walks from v is
(3)
(n− 1)(n− 2)− 6k(n− 2k)− (λ+ µ+ ν)(n − 1)− λµν
16
.
Moreover, k = (n− 1− θ)/2 for some θ ∈ {λ, µ, ν}.
Since (3) must be a nonnegative integer, Corollary 3.4 can be used to show that
certain Seidel matrices do not have a regular graph in their switching classes. In
particular, Corollary 3.4 can be used to verify that the Seidel matrix S does not
have a regular graph in its switching class. Furthermore we make the following
remarks.
Remark 3.5. By Corollary 3.4, since (3) must be an integer, a Seidel matrix with
spectrum {[−5]24, [5]6, [9]10} cannot have a regular graph in its switching class. See
Table 2.
Remark 3.6. Let S(k) = (J2k+1 ⊗ (S6 − I6) + I6(2k+1)) for some k > 1 where
S6 is a Seidel matrix with spectrum {[−
√
5]3, [
√
5]3}. Then S(k) has spectrum
{[−√5(2k + 1)− 2k]3, [1]12k, [√5(2k + 1)− 2k]3}. By Corollary 3.4, since (3) must
be an integer, we see that, for all k > 1, the Seidel matrix S(k) does not have a
regular graph in its switching class. Whence we obtain an infinite family of Seidel
matrices that have precisely three distinct eigenvalues and no regular graph in their
switching classes. See Remark 3.1.
4. Positive semidefinite matrices with constrained entries
In this section we concern ourselves with positive semidefinite matrices with
constant diagonals and constrained entries. The results proved here will be applied
in the subsequent section.
For a matrix M and row-index i, define the set VM,i(k) := {j : Mi,j = k}.
Lemma 4.1. Let M be a positive semidefinite R-matrix of order n with constant
diagonal d > 0 and let rk and ck denote the k-th row and column of M respectively.
Then, for each i ∈ {1, . . . , n} and each j ∈ VM,i(±d), we have rj = ±ri and
cj = ±ci.
Proof. Since M has constant diagonal d, for all k ∈ {1, . . . , n}, the set VM,k(d) ∪
VM,k(−d) contains at least one element, k itself. Consider the i-th row, ri, of M .
Without loss of generality we can switch the rows and columns of M so that ri
does not have any entries equal to −d. Let M ′ denote the matrix obtained after
performing this switching. If |VM ′,i(d)| = 1 then there is nothing to prove. Suppose
that |VM ′,i(d)| > 2.
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Take j ∈ VM ′,i(d)\{i} and k ∈ {1, . . . , n}\{i, j}, let A be a 3 × 3 principal sub-
matrix of M induced on the i-th, j-th, and k-th rows (and corresponding columns)
of M . Then A is positive semidefinite having the form
d d ad d b
a b d

 .
Since we have detA = d3 + 2dab − d3 − d(a2 + b2) > 0 we see that a = b. Hence
ri = rj and, since M
′ is symmetric, we also have ci = cj . 
Corollary 4.2. Let M be a positive semidefinite R-matrix of order n with constant
diagonal d > 0. Suppose that each row of M has precisely k entries with absolute
value d. Then n = qk for some q and M is switching equivalent to the matrix
N ⊗ Jk, where N is an R-matrix of order q with constant diagonal d whose off-
diagonal entries have absolute value less than d.
Proof. By switching and permuting the rows and columns of M we can, without
loss of generality, assume that the first row ofM does not contain any entries equal
to −d and the first k entries are equal to d. By Lemma 4.1, the first k rows and
columns of M are equal.
Now we can write n = qk+ r with 0 6 r < k. For each s ∈ {1, . . . , q} inductively
apply the above argument to the ((s − 1)k + 1)-th row so that for all ξ ∈ {(s −
1)k + 1, . . . , sk} we have VM,ξ(d) ∪ VM,ξ(−d) = {(s− 1)k + 1, . . . , sk}.
For a contradiction we suppose that r > 0. Then |VM,qk+r(d)∪VM,qk+r(−d)| = k
but VM,qk+r(d) ∪ VM,qk+r(−d) must be a subset of {qk + 1, . . . , qk + r}, which has
r < k elements. Hence r = 0.
Since M is positive semidefinite with constant diagonal d, every principal sub-
matrix must also be positive semidefinite. Hence, the off-diagonal entries have
absolute value at most d. 
Lemma 4.3. Let a and b be real numbers and let M be a symmetric {±a,±b}-
matrix of order n with precisely two distinct eigenvalues λ and µ. Then
|{j : (Mi,j)2 = b2}| = (λ + µ)Mi,i − na
2 − λµ
b2 − a2 .
Proof. The matrix M satisfies the equation M2 = (λ + µ)M − λµI. The lemma
follows since the diagonal entries of M2 are equal to si(b
2 − a2) + na2, where
si = |{j : (Mi,j)2 = b2}|. 
Lemma 4.4. Let M be a positive semidefinite Z-matrix with constant diagonal
p ≡ 3 (mod 4) prime. If M has rank 2 then M is switching equivalent to a matrix
with precisely two distinct rows.
Proof. Let A be a 3 × 3 principal submatrix of M . Then A is singular with the
form 
p a ba p c
b c p

 ,
where a, b, and c all have absolute value at most p. Since detA = p3 + 2abc −
p(a2 + b2 + c2) = 0, we have that p divides 2abc. Further, since p is an odd prime,
at least one of a, b, and c must be divisible by p.
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For a contradiction, suppose that a, b, and c all have absolute value strictly less
than p. Then at least one of them a (say) must be equal to 0. But since A has
rank at most 2, we have the equation p2 = b2+ c2. Hence, since p ≡ 3 (mod 4), we
must have ±p ∈ {b, c}, which contradicts our supposition.
Therefore at least one of a, b, and c has absolute value equal to p. Up to switching
equivalence, we can assume that a = p. Then, by Lemma 4.1, we have that b = c.
Inductively applying this argument to the rest of the matrixM gives the result. 
Finally we prove a necessary condition for Seidel matrices having four distinct
integral eigenvalues, one of which is simple. The conclusion leads to an improvement
on the maximum cardinality of an equiangular line system in R18 (see Remark 4.7).
Lemma 4.5. Let S be a Seidel matrix of order n and let p(x) = x3 − c2x2 + c1x−
c0 and assume that σp(S) is positive semidefinite for some σ = ±1. Then each
diagonal entry of σS3 is at least σ((n − 1)c2 + c0).
Proof. Since p(S) is positive semidefinite, each diagonal entry is at least zero and
the diagonal entries of S2 and S are all n− 1 and 0 respectively. 
Corollary 4.6. Let S be a Seidel matrix of odd order n with integral spectrum
{[θ0]1, [θ1]m1 , [θ2]m2 , [θ3]m3} where θ0 is even. Set σ = sgn
∏3
i=1(θ0 − θi). Then
σθ30 > n+ σ
(
n(n− 1)(θ1 + θ2 + θ3) + nθ1θ2θ3 −
3∑
i=1
miθ
3
i
)
.
Proof. Define p(x) = (x− θ1)(x− θ2)(x− θ3). Then σp(S) is positive semidefinite.
Hence, by Lemma 4.5, each diagonal entry of σS3 is at least σ((n−1)(θ1+θ2+θ3)+
θ1θ2θ3), which, from using Lemma 2.2, we see is an odd integer. By Lemma 2.1,
each diagonal entry of σS3 is even. Therefore each diagonal entry of σS3 is at least
σ((n− 1)(θ1 + θ2 + θ3) + θ1θ2θ3) + 1. This gives a lower bound for the trace
tr σS3 > n (σ((n− 1)(θ1 + θ2 + θ3) + θ1θ2θ3) + 1) .
The result follows since trσS3 = σ(θ30 +
∑3
i=1miθ
3
i ). 
Remark 4.7. We remark that, by Corollary 4.6, there cannot exist a Seidel matrix
having spectrum
{
[−5]43, [11]9, [12]1, [13]8}. We will see in Section 6 that there
exists a system of 61 equiangular lines in R18 if and only if there exists such a
Seidel matrix. See Remark 6.6.
5. Regular eigenspaces of Seidel matrices with three eigenvalues
Let S be a Seidel matrix of order n with distinct eigenvalues λ0 < λ1 < · · · < λr
and corresponding eigenspaces E0, E1, . . . , Er. We call an eigenspace regular if it
contains a vector all of whose entries are ±1. It is easy to show that the property
of having a regular eigenspace is invariant under switching equivalence operations
and a Seidel matrix has a regular eigenspace if and only if it has a regular graph in
its switching class. Moreover, we have the following result.
Lemma 5.1. Let S be an n × n Seidel matrix with r + 1 distinct eigenvalues θi
each having multiplicity mi for i ∈ {0, . . . , r}. Suppose that the θ0-eigenspace is
regular. Then there exists a (n−1−θ02 )-regular graph in the switching class of S with
spectrum{
[(n− 1− θ0)/2]1, [(−1− θ0)/2]m0−1, [(−1− θ1)/2]m1 , . . . , [(−1− θr)/2]mr
}
.
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Proof. Let x be a θ0-eigenvector all of whose entries are ±1. Set D = diag(x)
and S′ = DSD. Then the all-ones vector, 1, is in the θ0-eigenspace E0 of S′.
Furthermore, we can form an orthogonal basis B0 for E0 that contains the vector
1. Then A := (J − I − S′)/2 is the adjacency matrix for the underlying graph Γ
of S′. Now clearly, 1 is a (n−1−θ02 )-eigenvector of A. Hence each vertex of Γ has
valency (n− 1− θ0)/2. Each θ0-eigenvector in B0\{1} is a (−1−θ02 )-eigenvector for
A. And, for all i > 1, each θi-eigenvector of S
′ is a (−1−θi2 )-eigenvector for A. 
Corollary 5.2. Let S be a Seidel matrix of order n and let ν be an eigenvalue of
S whose eigenspace is regular. Then ν is an integer satisfying ν ≡ n − 1 mod 2
and furthermore, ν ≡ n− 1 mod 4 if n is odd.
Proof. By Lemma 5.1, there exists a graph Γ in the switching class of S that is
regular with valency k = (n − 1 − ν)/2. Hence we have that (n − 1 − ν)/2 is an
integer and the first congruence is established. Furthermore, it is well-known that
for an n-vertex, k-regular graph with e edges the following equation is satisfied:
nk = 2e. The second congruence is now clear. 
In Corollary 5.2 we see that we obtain more restrictions when we have a Seidel
matrix of odd order. Indeed, we now focus on Seidel matrices of odd order in the
next subsection.
5.1. Strongly regular graphs and Seidel matrices of odd order. In this
subsection we show a correspondence between strongly regular graphs on an odd
number of vertices and Seidel matrices of odd order having precisely three distinct
eigenvalues. Here we do not give the definition of a strongly regular graph. For us,
it is enough to know that a regular graph with precisely three distinct eigenvalues
(with at least one eigenvalue having multiplicity 1) is strongly regular.
Proposition 5.3. Let S be an n× n Seidel matrix with spectrum {[λ]a, [µ]b, [ν]1}
where a and b are positive integers. Then the ν-eigenspace is regular.
Proof. Let M := MS(λ, µ). Since M is a rank-1 matrix we can write M = xx
⊤,
where x is an ν-eigenvector for S. Both S2 and S have a constant diagonal and
hence M also has a constant diagonal. Therefore the entries of x have constant
absolute value and so the ν-eigenspace is regular. 
Combining Proposition 5.3 with Lemma 5.1 gives us the following result.
Corollary 5.4. Let S be a Seidel matrix of order n with spectrum
{
[λ]a, [µ]b, [ν]1
}
where a and b are positive integers. Then the switching class of S contains a
(strongly) regular graph with spectrum{
[(−1− λ)/2]a, [(−1− µ)/2]b, [(n− 1− ν)/2]1} .
Let S be a Seidel matrix of odd order having precisely three distinct eigenvalues.
By Corollary 2.3, the matrix S has a simple eigenvalue. Hence, by Corollary 5.4,
there must exist a strongly regular graph in the switching class of S. On the
other hand, let A be the adjacency matrix of a strongly regular graph of odd
order. Using Lemma 3.2, we see that the Seidel matrix J − I − 2A must have
precisely three distinct eigenvalues. Therefore we observe that Seidel matrices of
odd order having precisely three distinct eigenvalues are in correspondence with
strongly regular graphs with an odd number of vertices. In particular we can
remark on the nonexistence of putative Seidel matrices on 49, 75, and 95 vertices.
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Remark 5.5. Seidel matrices having the following spectra do not exist:{
[−5]32, [9]16, [16]1} , {[−5]56, [10]1, [15]18} , and {[−5]75, [14]1, [19]19} .
Indeed, by Corollary 5.4, the existence such Seidel matrices would respectively im-
ply the existence regular graphs having the following spectra:
{
[16]1, [2]32, [−5]16},{
[32]1, [2]56, [−8]18}, and {[40]1, [2]75, [−10]19}. Such graphs have been shown not
to exist by Bussemaker et al. [6] and Azarija and Marc [1, 2]. The nonexistence of
Seidel matrices having either of the latter two spectra also preclude the existence
of Seidel matrices having either of the spectra
{
[−5]57, [15]19} or {[−5]76, [19]20}
[9, Lemma 5.12].
We have established a correspondence between Seidel matrices of odd order hav-
ing precisely three distinct eigenvalues and strongly regular graphs on an odd num-
ber of vertices. In fact, Lemma 3.2 and Lemma 5.1 give a corresponding map for
the eigenvalues of each object. The eigenvalues of strongly regular graphs have been
thoroughly investigated and, using the above mapping between the eigenvalues, we
can transfer some of this study to the eigenvalues of Seidel matrices of odd order
having three distinct eigenvalues. In particular we can give the following char-
acterisation of the spectrum of such matrices that possess at least one irrational
eigenvalue. However, we give a proof that is independent of results concerning
strongly regular graphs.
Corollary 5.6. Let S be a Seidel matrix of order n odd with precisely three distinct
eigenvalues at least one of which is irrational. Then S has spectrum{
[−√n](n−1)/2, [0]1, [√n](n−1)/2
}
.
Proof. By Corollary 2.3, the matrix S must have a simple eigenvalue (ν, say).
Furthermore, by Corollary 5.2, we can assume that ν is an (even) integer. Let λ
be an irrational eigenvalue of S. The remaining eigenvalue of S (µ, say) must be
the (Galois) conjugate of λ. Therefore we must have that λ and µ are quadratic
algebraic integers each having multiplicity (n− 1)/2 as eigenvalues of S.
Now, all quadratic algebraic integers can be written as a+ bω where a and b are
rational integers and ω takes one of two possible forms:
ω =
{√
d, for some positive integer d ≡ 2, 3 mod 4;
1+
√
d
2 , for some positive integer d ≡ 1 mod 4.
First assume that λ, µ = a± b√d. Using (1), we can write
(4)
n− 1
2
(λ+ µ) + ν = (n− 1)a+ ν = 0.
Putting (2) together with (4) yields
n(n− 1) = n− 1
2
(λ2 + µ2) + ν2
= (n− 1)(a2 + b2d) + (n− 1)2a2
from which we find that b2d = n(1−a2). Since b2d is positive (λ and µ are distinct)
and a is an integer we must have that a = 0. The spectrum of S is then forced to
be {[√n](n−1)/2, [0]1, [−√n](n−1)/2}.
Finally assume that λ, µ = a+b(1±
√
d)/2 where d ≡ 1 mod 4 and b is odd. By
[9, Lemma 5.8], n must be congruent to 1 modulo 4. Following the same reasoning
12 G. R. W. GREAVES
as above we find that b2d/4 = n(1− (a+ b/2)2). Again, since b2d/4 is positive, we
must have that |a+ b/2| < 1 whose only solution is |a+ b/2| = 1/2. Therefore we
must have b2d = 3n. By reducing modulo 4 we obtain a contradiction. 
5.2. Seidel matrices of even order. Let S be a Seidel matrix of order n even
having spectrum {[λ]a, [µ]b, [ν]c}. In this section we find sufficient conditions that
guarantee that the switching class of S contains a regular graph. In Proposition 5.3
we saw that 1 ∈ {a, b, c} suffices. We have the following result for when 2 ∈ {a, b, c}.
Theorem 5.7. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]2}.
Assume that either |n−1+λµ|, |n−1+λµ|/2, or |n−1+λµ|/4, is a prime congruent
to 3 modulo 4. Then the ν-eigenspace of S is regular.
Proof. By Corollary 2.8, we have MS(λ, µ) ∼= M for some M ≡ |n − 1 + λµ|J
mod 4Mn. Assume that 2r divides |n − 1 + λµ| for some r ∈ {0, 1, 2} and p :=
|n−1+λµ|/2r ≡ 3 (mod 4) is a prime. Define the matrix N :=M/2r. Then N is a
positive semidefinite Z-matrix with constant diagonal p and rank 2. By Lemma 4.4,
we can assume that the matrix N has precisely two distinct rows, and hence (since
N is symmetric) N has precisely two distinct entries. It follows from Lemma 4.3
that each row of N has a constant row sum and hence the non-zero eigenspace of
N is regular (the 0-eigenspace of N is also regular). Therefore the ν-eigenspace of
S is regular. 
Remark 5.8. Using Theorem 5.7, we find that there exists a Seidel matrix with
spectrum {[−5]30, [7]16, [19]2} if and only if there exists a graph with spectrum
{[14]1, [2]30, [−4]16, [−10]1}.
Next we show that if the value |n − 1 + λµ| is an integer less than 8 then the
eigenspace of ν is regular. Since n is even and λµ is an integer, by Lemma 2.2, we
have that λµ is odd. Hence it suffices to consider |n− 1+λµ| ∈ {0, 2, 4, 6}. Since S
has more than two eigenvalues |n− 1 + λµ| = 0 is impossible. It therefore remains
to consider |n− 1 + λµ| ∈ {2, 4, 6}, which we do in the next few results.
Lemma 5.9. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]c}.
Then the matrix MS(λ, µ) is switching equivalent to
(a) 2J if |n− 1 + λµ| = 2;
(b) 4Ic ⊗ Jn/c if |n− 1 + λµ| = 4.
Proof. By Corollary 2.8, we have MS(λ, µ) ∼= M for some M ≡ |n − 1 + λµ|J
mod 4Mn. The diagonal entries of M are equal to |n − 1 + λµ| and, since M
is positive semidefinite, each off-diagonal entry of M has absolute value at most
|n − 1 + λµ|. In the case of (a) each entry of M is equal to ±2 and for (b) each
entry of M is in {0,±4}. For case (b), apply Lemma 4.3 to deduce that each row
has the same number of entries equal to ±4. The lemma then follows by applying
Corollary 4.2. 
Proposition 5.10. Let S be a Seidel matrix with one of the following spectra{
[−3]1, [1]3} , {[−3]5, [3]5} , {[−3]10, [5]6} , and {[−3]21, [9]7} .
Then both the eigenspaces of S are regular.
Proof. The first spectrum is easy to check by hand. The rest follow from [15,
Theorem 3.7]. 
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Now we can prove the main lemma of this section.
Lemma 5.11. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]c}
such that |n − 1 + λµ| = 6. Then the matrix MS(λ, µ) is switching equivalent to
2(T + 3I) ⊗ Jn/q, for some Seidel matrix T with spectrum {[−3]q−c, [(q − 1)/3]c}
where (q + 8)(9− c) = 72. Moreover, the ν-eigenspace of S is regular.
Proof. By Corollary 2.8, we have MS(λ, µ) ∼= M for some M ≡ |n − 1 + λµ|J
mod 4Mn. Hence M ≡ 2J mod 4Mn and, moreover, M has constant diagonal
entries, each equal to 6. Using Lemma 4.3, we see that each row ofM has a constant
number of entries whose absolute value is 6. Now apply Corollary 4.2 to deduce
that M is switching equivalent to N ⊗ Jn/q where N is a symmetric matrix with
each diagonal entry equal to 6 and all other entries of absolute value strictly less
than 6. Since M has rank c and precisely two distinct eigenvalues, the matrix N
must also have rank c and precisely two distinct eigenvalues. Furthermore, observe
that we can write N = 2(T + 3I) where T is a Seidel matrix of order q having
spectrum {[−3]q−c, [θ]c} for some θ. Using (1) and (2), we find that θ = (q − 1)/3
and (q + 8)(9− c) = 72.
Now, there are only five possibilities for the positive integers q and c. Indeed,
the tuple (q, c) must belong to the set R := {(1, 1), (4, 3), (10, 5), (16, 6), (28, 7)}.
When q = 1, we have 2(T + 3I)⊗ Jn/q = 6Jn and clearly the all-ones vector is an
eigenvector for the eigenvalue 6n. Hence the ν-eigenspace of S is regular. For the
tuples in R with q > 1, by applying Proposition 5.10, we find that, in each case,
the ν-eigenspace of S is regular. 
Remark 5.12. We can apply Lemma 5.11 to several putative Seidel matrices and a
Seidel matrix already known to exist.
• There exists a Seidel matrix with spectrum {[−5]42, [11]15, [15]3} if and only
if there exists a graph with spectrum {[22]1, [2]42, [−6]15, [−8]2}.
• There exists a Seidel matrix with spectrum {[−5]53, [13]16, [19]3} if and only
if there exists a graph with spectrum {[26]1, [2]53, [−7]16, [−10]2}.
• There exists a Seidel matrix with spectrum {[−5]70, [13]5, [19]15} if and only
if there exists a graph with spectrum {[38]1, [2]70, [−7]4, [−10]15}.
By examining the proof of Lemma 5.11, we can extract the following condition
on the multiplicity of the eigenvalue ν.
Corollary 5.13. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]c}
such that |n− 1 + λµ| = 6. Then c ∈ {1, 3, 5, 6, 7}.
Corollary 5.13 provides an alternative proof of the nonexistence of Seidel matrices
matrices having the spectrum {[−5]16, [5]9, [7]5} or the spectrum {[−5]26, [7]7, [9]9}
cf. [9, Theorem 5.25]. Corollary 5.13 also provides the first proof of the nonexistence
of Seidel matrices having the spectrum {[−5]24, [5]6, [9]10}. See Table 2.
Putting together Lemma 5.9 and Lemma 5.11 gives us the main result of this
section.
Theorem 5.14. Let S be a Seidel matrix of order n even with spectrum {[λ]a, [µ]b, [ν]c}.
Suppose that |n− 1 + λµ| is an integer less than 8. Then the ν-eigenspace of S is
regular.
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5.3. Description of Table 2. To conclude this section we give a list (Table 2) of
spectra for Seidel matrices that was generated in [9, Table 5]. The columns titled ‘n’
and ‘d’ denote the cardinality and dimension of the associated set of equiangular
lines. We include a column (titled ‘Regular’), which indicates whether a Seidel
matrix with the given spectrum contains a regular graph in its switching class. We
write ‘Y’, ‘N’, and ‘?’ respectively if the switching class of a Seidel matrix having
such a spectrum must, must not, or may contain a regular graph.
n d Spectrum Regular Exists Remark
28 14 {[−5]14 , [3]7 , [7]7} ? Y [9, Example 5.17]
30 14 {[−5]16 , [5]9 , [7]5} Y N Lemma 5.9, Corollary 5.13
40 16 {[−5]24 , [5]6 , [9]10} N N Remark 3.5, Corollary 5.13
40 16 {[−5]24 , [7]15 , [15]1} Y Y Proposition 5.3, [9, Example 5.10]
42 16 {[−5]26 , [7]7 , [9]9} Y N Lemma 5.9, Corollary 5.13
48 17 {[−5]31 , [7]8 , [11]9} ? Y [9, Example 5.18]
49 17 {[−5]32 , [9]16 , [16]1} Y N Proposition 5.3, Remark 5.5
48 18 {[−5]30 , [3]6 , [11]12} ? ?
48 18 {[−5]30 , [7]16 , [19]2} Y ? Remark 5.8
54 18 {[−5]36 , [7]9 , [13]9} ? ?
60 18 {[−5]42 , [11]15 , [15]3} Y ? Remark 5.12
72 19 {[−5]53 , [13]16 , [19]3} Y Y Remark 5.12, [9, Example 5.19]
75 19 {[−5]56 , [10]1 , [15]18} Y N Proposition 5.3, Remark 5.5
90 20 {[−5]70 , [13]5 , [19]15} Y ? Remark 5.12
95 20 {[−5]75 , [14]1 , [19]19} Y N Proposition 5.3, Remark 5.5
Table 2. Some Seidel matrices with precisely three distinct eigenvalues.
6. Strengthening the relative bound
In this section we explore further a strengthening of the relative bound that was
given in [9, Theorem 5.21]. We give an alternative presentation of the result and
exhibit some of its consequences including further improvements to upper bounds
on the size of equiangular lines in Euclidean space. Particular consequences for
equiangular line systems in Rd for d ∈ {14, . . . , 23} are given in Table 3 below.
First we state the relative bound for Seidel matrices.
Theorem 6.1 (Relative bound). Let d > 1, let S be a Seidel matrix of order n > 2
with smallest eigenvalue λ0 of multiplicity n−d > 1, and suppose λ20 > d+2. Then
n 6
d(λ20 − 1)
λ20 − d
,
with equality if and only if S has spectrum {[λ0]n−d, [−λ0(n− d)/d]d}.
Our next result is essentially just a restatement of [9, Theorem 5.21], but for the
sake of clarity we give a proof.
EQUIANGULAR LINES AND REGULAR GRAPHS 15
Theorem 6.2. Let d > 1, let S be a Seidel matrix of order n > 2 with smallest
eigenvalue λ0 ∈ Z of multiplicity n−d > 1, and let µ be an integer. Suppose µ 6= λ0,
λ20 > d+ 2, and n = d(λ
2
0 − 1)/(λ20 − d)− t for some t > 0. Then
(5) m := dimker(S − µI) > t(t(λ
2
0 − d)− d(λ20 − 1))− (dµ+ λ0(n− d))2 + d2
d
,
with equality if and only if S has spectrum {[λ0]n−d, [µ− 1]w, [µ]m, [µ+ 1]d−m−w},
where w = (dµ+ λ0(n− d) + d−m)/2.
Proof. Let λ1 6 λ2 6 · · · 6 λd be the eigenvalues of S not equal to λ0. On the one
hand, using (1) and (2), we have
d
d∑
i=1
(λi − µ)2 = d(n(n− 1)− (n− d)λ20 + 2µλ0(n− d) + dµ2)
= −t(t(λ20 − d)− d(λ20 − 1)) + (dµ+ λ0(n− d))2.
On the other hand, by the arithmetic-geometric mean inequality we have
d∑
i=1
(λi − µ)2 > (d−m)
d∏
i=1
λi 6=µ
(λi − µ)2/d.(6)
Since the set R = {λi−µ : 1 6 i 6 d, λi 6= µ} consists of nonzero algebraic integers
closed under Galois conjugation, the product
∏
ξ∈R ξ
2 is a positive integer. Hence
the right hand side of (6) is at least d−m.
In the case that
∑d
i=1(λi − µ)2 = d −m, using (6), we see that λi = µ ± 1 for
all 1 6 i 6 d for which λi 6= µ. Then, using (1), one can determine the value of
w. Conversely, if S has spectrum {[λ0]n−d, [µ − 1]w, [µ]m, [µ + 1]d−m−w}, where
w = (dµ + λ0(n − d) + d −m)/2 then (6) holds with equality and hence (5) also
holds with equality. 
Remark 6.3. In the proof of Theorem 6.2 we see that the right hand side of (5) is
an integer.
Recall that Lemma 2.2 gives us a bound on the multiplicity of an even integer
as an eigenvalue of a Seidel matrix. Next we use this bound on the multiplicity
together with Theorem 6.2 to obtain the following two corollaries.
Corollary 6.4. Let d > 1, let S be a Seidel matrix of order n > 2 with smallest
eigenvalue λ0 of multiplicity n − d > 1, and let µ be the closest even integer to
−λ0(n− d)/d. Suppose λ20 > d, n = ⌊d(λ20 − 1)/(λ20 − d)⌋, and that
(7) (n− d)(λ0 − µ)2 − nµ2 + d > n(n− 1).
Then S has spectrum {[λ0]n−d, [µ−1]w, [µ]1, [µ+1]d−1−w}, where w = (dµ+λ0(n−
d) + d− 1)/2.
Proof. The inequality (7) implies that the right hand side of inequality (5) is strictly
greater than 0. Moreover, by Remark 6.3, this quantity must be at least 1. On the
other hand, since µ is an even integer, by Lemma 2.2, the multiplicity of µ as an
eigenvalue is at most 1. Hence the left hand side of (5) is at most 1 and we have
equality in (5). The result then follows from Theorem 6.2. 
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Corollary 6.5. Let d > 1, let S be a Seidel matrix of order n > 2 with smallest
eigenvalue λ0 of multiplicity n − d > 1, and let µ be the closest even integer to
−λ0(n− d)/d. Suppose λ20 > d, n = ⌊d(λ20 − 1)/(λ20 − d)⌋ is even, and that
(8) (n− d)(λ0 − µ)2 − nµ2 + d > n(n− 1).
Then S has spectrum {[λ0]n−d, [µ−1]w, [µ+1]d−w}, where w = (dµ+λ0(n−d)+d)/2.
Proof. The inequality (8) implies that the right hand side of inequality (5) is at
least 0. On the other hand, since n and µ are both even integers, by Lemma 2.2, µ
cannot be an eigenvalue of S. Hence the left hand side of (5) is at most 0 and we
have equality in (5). The result then follows from Theorem 6.2. 
Using Corollaries 6.4 and 6.5 we list the spectra of the Seidel matrices that
would correspond to equiangular line systems of order n in Rd for 14 6 d 6 23
where n =
⌊
d(λ20 − 1)/(λ20 − d)
⌋
and λ0 = −5.
d λ0
⌊
d(λ2
0
−1)
λ2
0
−d
⌋
Spectrum Exists Remark
14 −5 30 {[−5]16, [5]9, [7]5} N Corollary 5.13
15 −5 36 {[−5]21, [7]15} Y See [11]
16 −5 42 {[−5]26, [7]7, [9]9} N Corollary 5.13
17 −5 51 {[−5]34, [10]17} N Lemma 2.2
18 −5 61 {[−5]43, [11]9, [12]1, [13]8} N Remark 4.7
19 −5 76 {[−5]57, [15]19} N Remark 5.5
20 −5 96 {[−5]76, [19]20} N Remark 5.5
21 −5 126 {[−5]105, [25]21} Y See [11]
22 −5 176 {[−5]154, [35]22} Y See [11]
23 −5 276 {[−5]125, [55]21} Y See [11]
Table 3. Some Seidel matrices corresponding to putative large
sets of equiangular lines in dimensions 14 to 23.
Remark 6.6. As shown in Table 3, by Corollary 6.4, the existence of an equiangular
line system of order 61 in R18 is equivalent to the existence of a Seidel matrix having
spectrum {[−5]43, [11]9, [12]1, [13]8}. But, by Corollary 4.6, (also see Remark 4.7)
we see that a Seidel matrix having that spectrum cannot exist. Hence there does
not exist an equiangular line system of order 61 in R18.
7. Open Problems
We conclude this article with some open problems.
(i) Which Seidel matrices having precisely three distinct eigenvalues have a
regular graph in their switching class?
See Question A and Question B in Section 3.
(ii) Do all Seidel matrices having the spectrum
{
[−5]14, [3]7, [7]7} or the spec-
trum
{
[−5]31, [7]8, [11]9} have a regular graph in their switching classes?
The known constructions [9, Example 5.17 and Example 5.18] both have
a regular graph in their switching class.
(iii) Does there exist a regular graph with spectrum {[22]1, [2]42, [−6]15, [−8]2}?
The existence of such a graph corresponds to a system of 60 equiangular
lines in R18. See Remark 5.12.
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